Abstract. In this paper, we study the Poisson (co)homology of a Frobenius Poisson algebra. More precisely, we show that there exists a duality between the Poisson homology and the Poisson cohomology, similar to the duality between the Hochschild homology and the Hochschild cohomology of a Frobenius algebra. Using the non-degenerated bilinear form on a Frobenius algebra we construct a Batalin-Vilkovisky structure on the Poisson cohomology ring of a class of Frobenius Poisson algebras.
Introduction
In 1977, A. Lichnerowicz introduced the Poisson cohomology for a Poisson algebra [Lic77] (see also [Hue90] for an algebraic approach). This cohomology feeds back interesting information about the Poisson structure, such as the Casimir elements, Poisson derivations, Poisson deformations and so on. It has been showed that in the smooth case the Poisson (co)homology of a Poisson algebra shares similar properties to the Hochschild (co)homology of the deformation quantization [HKR62, Bry88, Kas88, Kon03, LR07, Dol09] . So a natural question is whether such a similarity exists as well in the singular case. Our aim in this paper is to investigate a duality between the Poisson homology and the Poisson cohomology for Poisson algebras in the singular case and to explore the Batalin-Vilkovisky structures on the Poisson cohomology ring.
For a Frobenius algebra A with a Nakayama automorphism ν, it is known that there is an isomorphism between the Hochschild homology and the Hochschild cohomology:
, ∀i ∈ N, (1.1) (see [CE56, p. 120, Proposition 5.1], for example), here, * represents the dual over and A ν is an A-bimodule with the right action twisted by ν. In [LR09] , Launois and Richard study the Poisson (co)homology of truncated polynomial algebras in two variables and obtain an isomorphism between the Poisson homology and the cohomology similar to (1.1), see [LR09] . Motivated by (1.1) and the results in [LR09] , we obtain an an isomorphism between the Poisson homology and the cohomology for Frobenius Poisson algebras as following (Corollary 3.3): Theorem 1. Let S be a Frobenius Poisson algebra. Then we have the following isomorphism:
for all i ∈ N, where S σ is the Poisson module induced by the Frobenius isomorphism σ : S → S * .
Note that a Frobenius Poisson algebra is always symmetric as an algebra. Thus, the Nakayama automorphism is the identity map. However, S σ is not necessary isomorphic to S as Poisson modules. Therefore, we introduce the notion of a unimodular Frobenius Poisson algebra, that is, a Frobenius Poisson algebra such that S σ and S are isomorphic (see Section 4 for the detail).
For a Poisson algebra S, we denote by X k (S) the space of all skew-symmetriclinear maps S ⊗k → S that are derivations in each argument, and let X(S) :
There is a cochain map on X(S) and the corresponding cohomology is called the Poisson cohomology and denoted by HP
• (S). It is known that X(S) and the Poisson cohomology ring HP(S) := ⊕ HP
• (S) are Gerstenhaber algebras [LPV13] . Moreover, a Batalin-Vilkovisky structure can be constructed on the Poisson cohomology ring of a unimodular Poisson manifold [Xu99] . Besides, a BatalinVilkovisky structure exists on the Hochschild cohomology ring of some algebras, such as Calabi-Yau algebras [Gin06] , symmetric Frobenius algebras [Tra08, Men04] and preprojective algebras of Dynkin quivers [ES09, Eu10] . We use the nondegenerated bilinear form on a Frobenius Poisson algebra to prove the following (Theorem 4.5 and Theorem 4.10):
Theorem 2.
(1) Let S be a Frobenius Poisson algebra with the non-degenerated bilinear form −, − : S ⊗ S → . For P ∈ X m (S)(m ≥ 1), let ∆(P ) ∈ X m−1 (S), defined by the equation:
Then (X(S), ∆) is a Batalin-Vilkovisky algebra. (2) If S is a unimodular Frobenius Poisson algebra, then (HP(S), ∆) is a
Batalin-Vilkovisky algebra.
The paper is organized as follows. First, we recall some basic facts on Poisson algebras, Poisson modules and Poisson (co)homology. Next, we shall build a duality between the Poisson homology and the Poisson cohomology of a finite dimensional Poisson algebra, and apply the result to quantum exterior algebras and the algebra discussed in [LR09] . In the last section, we introduce the notion of a unimodular Poisson algebra and study the Batalin-Vilkovisky structure on the Poisson cohomology ring of a unimodular Poisson algebra.
Throughout the paper, is a base field and all algebras are -algebras; * means the dual over and the unadorned ⊗ stands for ⊗ .
Preliminaries
This section deals with some basic facts on Poisson algebras, Poisson modules and Poisson (co)homology.
By definition a Poisson algebra is a commutative -algebra S equipped with a bilinear map {−, −} : S ⊗ S → S (Poisson bracket) satisfying:
• {−, −} is a Lie bracket, • {−, −} is a derivation in each variable. 
The notion of a left Poisson module may be defined in a similar way. For a Poisson algebra S, the space S has a natural right (also, left) Poisson module structure. 
for each s ∈ S and m ∈ M , such that f is an isomorphism of Poisson modules. 
Let M be a right Poisson module over S. Then there is a chain complex on the
where d denotes the exterior differential. It is easy to see that ∂ k is well defined and that ∂ k−1 ∂ k = 0. The homology of this complex is denoted by HP • (S, M ) and is called the Poisson homology of S with coefficients in M .
Denote by X k (S) the space of all skew-symmetric -linear maps S ⊗k → S that are derivations in each arguments. Here, a map f :
for any permutation θ ∈ S k , where ε(θ) denotes its sign and θ i stands for θ(i). There is a cochain complex (X
is defined by:
It is not hard to check that δ k (P ) belongs to X k+1 (S) and that δ k+1 δ k = 0. The cohomology of this complex is denoted by HP
• (S), and is called the Poisson cohomology of S.
Duality between the Poisson homology and the Poisson cohomology
Let S be a finite dimensional Poisson algebra. By Proposition 2.2, the left Poisson module S induces a right Poisson module structure on S * . For a left Poisson module M , there is cochain complex (Hom S (Ω 
Proof. It suffices to show that ϕδ
k+1 (S) and α ∈ M * , we have:
On the other hand, we have:
Hence, ϕδ 
Proof. Let M = S. It is easy to see that the cochain complex (Hom S (Ω
, where the latter is used to compute the Poisson cohomology of S. Since Hom (−, ) is an exact functor, it commutes with the cohomological functors. Thus, by taking the cohomology of the columns in the commutative diagram in Proposition 3.1, we obtain the isomorphism between the Poisson homology and the Poisson cohomology.
Suppose that S is a Frobenius Poisson algebra. By definition we have an isomorphism of right S-modules σ : S → S * . By Proposition 2.2, S * is a right Poisson module. This right Poisson module structure on S * induces a right Poisson module structure on S, see Proposition 2.3. In order to distinguish this right Poisson module structure from the regular right Poisson module structure on S, we call it the induced Poisson module structure, and denote it by S σ . Note that a Frobenius Poisson algebra is always symmetric as an algebra. Hence, S σ and S are isomorphic as S-modules. Following Theorem 3.2, we obtain the following duality: Corollary 3.3. Let S be a Frobenius Poisson algebra. Then, for all i ∈ N, we have:
In the sequel, we consider two examples of Frobenius Poisson algebras.
Example 3.4. First, let Λ be the Poisson algebra defined on algebra
with the Poisson bracket given by {x i ,
given by: 
where the second sum is taken over all elements in the above basis. Thus, by Proposition 2.2, the induced right Poisson module Λ σ is given by:
{x i , x j } Λσ :=      (n + 2 − 2j)x i x j , i < j, 0, i = j, (n − 2j)x j x i , i > j.
Hence, we have the isomorphism:
HP i (Λ, Λ) * ∼ = HP i (Λ, Λ σ ), for all i ∈ N.
, two integers). As an algebra, Λ(a, b) is a symmetric Frobenius algebra. By viewing Λ(a, b) as a semi-classical limit of the quantum complete intersection, the authors constructed a Poisson module Λ(a, b) σ and computed explicitly the Poisson (co)homology group point-wise. Their duality theorem for Λ(a, b) now follows from Corollary 3.3:
Note that the above Poisson (co)homology group vanish when i ≥ 3. The Frobenius isomorphism σ : Λ(a, b) → Λ(a, b) * of right Λ(a, b)-modules is defined by:
The induced Poisson module Λ(a, b) σ is defined by:
BV-structure
In this section, we investigate the Batalin-Vilkovisky structure on the Poisson cohomology ring of a Frobenius Poisson algebra. The key point in this discussion is the non-degenerated bilinear form which defines the Frobenius structure. 
) with a Gerstenhaber algebra structure. Here, 1 ∈ A 0 is the identity of the algebra. 
Example 4.4. The Hochschild cohomology ring HH(A) of an associative algebra is a Gerstenhaber algebra [Ger63]. If A is a Calabi-Yau or a symmetric Frobenius algebra, HH(A) has a BV-structure [Gin06, Tra08, ES09].
Let S be a Poisson algebra and X(S) := ⊕ i X i (S). The wedge product ∧ : X m (S) ⊗ X m (S) → X m+n (S) is given by:
where S n,m is the set of (m, n)-shuffle in the symmetric group S m+n , i.e., the set of permutations θ ∈ S n+m satisfying θ 1 < · · · < θ m and θ m+1 < · · · < θ m+n . One has the Schouten bracket:
where the product • is defined by:
for all P ∈ X m (S) and Q ∈ X n (S). The triple (X(S), ∧, [ , ] S ) is a Gerstenhaber algebra. Note that the wedge product and Schouten bracket induce two operations on the cohomology such that HP(S) := ⊕ HP
• (S) has a Gerstenhaber algebra structure [LPV13] . Such an algebra is called the Poisson cohomology ring.
Theorem 4.5. Let S be a Frobenius Poisson algebra with a non-degenerated bilinear form −, − : S ⊗ S → . For P ∈ X m (S)(m ≥ 1), define ∆(P ) ∈ X m−1 (S) as follows:
Proof. It is obvious that ∆ 2 = 0. It remains to show that the following identity holds:
for any P ∈ X m (S) and Q ∈ X n (S). Given θ ∈ S m,n , we have either θ m = m + n or θ m+n = m + n. Set:
and:
Then, P ∧ Q = P ∧ 1 Q + P ∧ 2 Q. We claim that the following identity holds:
Indeed, for any a 1 , · · · , a m+n−1 , a m+n ∈ S, we have:
Moreover,
Now for r distinct integers i 1 , · · · , i r , let (i 1 , · · · , i r ) be the cyclic permutation sending i 1 to i 2 , · · · , i r−1 to i r and i r to i 1 . Then, the map θ ∈ S m−1,n → τ ∈ {τ ∈ S m,n |τ m = m + n} given by τ := θ • (m, m + 1, · · · m + n) is well-defined and is a bijection. In fact, it is easy to see that these two sets have the same cardinality and the map is injective. Moreover, one has ε(τ ) = (−1) n ε(θ). Hence, by the change of variables, we obtain:
Consider the map θ ∈ S m−1,n → η ∈ S n,m−1 defined by:
It is easy to see that the foregoing map is well-defined and is bijective. Furthermore, we have ε(η) = (−1) n(m−1) ε(θ). Hence,
Now the equation (4.3) follows from the fact that P is a skew-symmetric derivation and that the bilinear form is non-degenerated.
Using a similar argument to the above and the symmetry of the bilinear form −, − , i.e., ab, c = b, ca , one can obtain the second identity:
Now combining Equation (4.3) and Equation (4.4), one obtains Equation (4.2).
By definition, the operator ∆ satisfies the following commutative diagram:
where d * is the dual of de Rham differential and ⋆ is the canonical isomorphism defined by
Note that ∆ is similar to the divergence operator with respect to a volume form on an orientable Poisson manifold in the smooth case.
For an orientable Poisson manifold M with the Poisson bivector field π, the divergence of π is minus the modular vector field of π which is a Poisson 1-cocycle and the cohomology class of such a 1-cocycle is independent of the chosen volume form. If this cohomology class is trivial, then M is said to be a unimodular Poisson manifold. Stimulated by the above idea, we introduce the notion of a unimodular Frobenius Poisson algebra. Equivalently, the Poisson cohomology ring HP(S) has a BV algebra structure.
Proof. Firstly, we show that the operator ∆ commutates with the coboundary operator δ on the cochain complex (X • (S), δ • ). It is clear that ∆δ(P ) = 0 for P ∈ X 0 (S). Now, for each P ∈ X m (S)(m ≥ 1), we claim that (δ∆ − ∆δ)(P ) = 0.
Indeed, for any a 0 , · · · , a m−1 , x ∈ S, we have: Thus, by the non-degeneracy of the bilinear form, one obtains ∆δ(P ) = δ∆(P ). Therefore, ∆ induces an operator on the Poisson cohomology HP • (S). The rest is clear in view of Theorem 4.5.
